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Transport properties of a single-mode waveguide with rough boundary are studied by discrim-
ination between two mechanisms of surface scattering, the amplitude and square-gradient ones.
Although these mechanisms are generically mixed, we show that for some profiles they can sepa-
rately operate within non-overlapping intervals of wave numbers of scattering waves. This effect may
be important in realistic situations due to inevitable long-range correlations in scattering profiles.
PACS numbers: 72.10.-d; 72.15.Rn; 73.20.Jc; 73.23.-b
I. INTRODUCTION
The wave propagation along various guiding systems
with rough boundaries is a typical situation in many
fields of physics. The atmospheric and oceanic layers,
as well as thin metal films and semiconductor nanostruc-
tures with growth defects and fractures, are the examples
of such systems [1–10]. The rough waveguides with a pre-
scribed surface profile can be prepared, for example, by
the lithographic method in guiding electron/wave nan-
odevices [11, 12].
The propagating waves in rough guides are scattered
by the inhomogeneities in the surface. We have already
demonstrated that the surface scattering consists of two
basic mechanisms: the well-known amplitude mechanism
and the square-gradient mechanism (see Refs. [13–16]).
Correspondingly, the inverse attenuation length is ex-
pressed via two terms. The term associated with the
amplitude scattering depends on the variance of the dis-
order, σ2, whereas the term associated with the square-
gradient scattering is due to the squared variance, σ4. In
evaluating the contribution of each term solely by paying
attention to the dependence on σ, one can arrive to a
wrong conclusion that the square-gradient term is neg-
ligible compared to the amplitude one. It is important
that the two terms differently depend on the roughness
correlation parameters. For example, in the case of Gaus-
sian correlations in the rough surface profile, these two
mechanisms compete to each other, and the result of the
competition essentially depends on the value of the wave
number, see Refs. [13–17].
On the other hand, it is known that the disordered
waveguides with long-range correlations embedded in the
rough surfaces, exhibit anomalous transport properties
[18–20]. Specifically, with a proper design of the rough-
ness profile one can strongly suppress the scattering in
some interval of wave numbers, and, as a consequence,
obtain the ballistic transport even for a very long waveg-
uide. The goal of our paper is to study the conditions
under which the amplitude and square-gradient mecha-
nisms “work” in different intervals of the wave numbers,
and, therefore, do not compete to each other. In such
a situation it is not correct to neglect any of these two
mechanisms of scattering. We demonstrate that for some
profiles one can observe the “isolated” intervals of wave
numbers where the attenuation of waves is due to only
one of two mechanisms.
II. THE MODEL
We consider an open surface-disordered waveguide
(or conducting wire) of length L and average width d,
stretched along the x- and z-axes, respectively, with
d ≪ L. The lower surface of the waveguide is taken,
for simplicity, flat, z = 0. The upper surface is sup-
posed to be of a rough (corrugated) profile z = d+σξ(x),
slightly deviated from its flat average z = d. Here σ is
the root-mean-square roughness height. In other words,
the surface-corrugated guiding system occupies the area
of the (x, z)-plane, defined by the relations (see Fig. 1)
− L/2 ≤ x ≤ L/2, 0 ≤ z ≤ d+ σξ(x). (2.1)
The surface corrugations are assumed to be small in
height, σ ≪ d. This limitation is common in the sur-
face scattering theories that are based on appropriate
perturbative approach, see, for example, Ref. 3. The ran-
dom function ξ(x) describes the surface roughness and is
assumed to be statistically homogeneous and isotropic,
with the statistical properties of zero mean, 〈ξ(x)〉 = 0,
unit variance, 〈ξ2(x)〉 = 1, and binary correlation func-
tion
〈ξ(x) ξ(x′)〉 =W(|x− x′|). (2.2)
The angular brackets represent the statistical averaging
over different realizations of the random surface profile
ξ(x). The binary correlator W(x) has the normalization
W(0) = 1.
2x
z
d+ΣΞ HxL
2 Π
k+ + k-
2 Π
k+ - k-
-L2 L2
FIG. 1. (Color online) Waveguide with one rough boundary
with correlated disorder of two characteristic scales 2pi/(k++
k−) and 2pi/(k+ − k−).
As was predicted in Refs. 13–16, the weak surface
scattering in single-mode waveguides is determined by
two different mechanisms: amplitude (A) and square-
gradient (SG) surface scattering. Correspondingly, the
transport is specified by two power spectra. The
roughness-height power spectrum is given by
W (kx) =
∫ ∞
−∞
dx exp(−ikxx)W(x). (2.3)
The roughness-square-gradient power spectrum is defined
as
S(kx) =
∫ ∞
−∞
dx exp (−ikxx)W ′′2(x). (2.4)
The prime to the function denotes the derivative with
respect to x. Since W(x) and W ′′2(x) are real and even
functions of x, their Fourier transforms are even and real
functions of the longitudinal wave number kx. It should
be also stressed that according to rigorous mathematical
theorem, the power spectra are non-negative functions of
kx for any real random process ξ(x).
We restrict our study to the single-mode waveguide
for which the mode parameter, kd/pi, is confined to the
relations
1 < kd/pi < 2. (2.5)
Here k = ω/c is the total wave number for the electro-
magnetic wave of frequency ω and TE polarization, prop-
agating through a waveguide with perfectly conducting
lateral walls. For the modeling of electron 1D structures,
the wave number k should be regarded as the Fermi wave
number within the isotropic Fermi-liquid model. Be-
cause of the quantization of the transverse wave number
kz = pi/d, the quantum value k1 of the longitudinal wave
number kx is given by
k1 =
√
k2 − (pi/d)2. (2.6)
The transport through single-mode waveguides is pro-
vided by the lowest normal mode with number n = 1
that propagates with real values of k1. From Eq. (2.5),
it follows that the wave number k1 is confined within the
interval
0 < k1d/pi <
√
3. (2.7)
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FIG. 2. (Color online) Power spectraW (kx) (continuous line)
and S(kx) (dashed line) under the condition (3.5), for which
the intervals where W (kx) 6= 0 and S(kx) 6= 0 do not overlap
each other. Here k−d = 1.6 and k+d = 2.4, correspondingly,
k−d/pi = 0.509 and k+d/pi = 0.764. The characteristic values
of kx where singularities of the spectra occur, are shown at
the top of the frame. The dimensionless variable kxd/pi is
indicated at the bottom of the frame.
All other waveguide modes with numbers n ≥ 2 having
purely imaginary values of kx, are evanescent and do not
contribute to transport properties. Note that the weak
surface-scattering condition σ ≪ d leads to the inequality
k1σ ≪ 1.
III. DISORDERED PROFILE WITH
LONG-RANGE CORRELATIONS
In order to discriminate the amplitude scattering from
the square-gradient one, we consider the correlator
W(x) = sin(2k+x)− sin(2k−x)
2(k+ − k−)x , 0 < k− < k+, (3.1)
which gives rise, through Eq. (2.3), to the power spec-
trum W (kx) of the following rectangular form (see con-
tinuous curve in Fig. 2),
W (kx) =
pi
2(k+ − k−)Θ(kx − 2k−)Θ(2k+ − kx). (3.2)
In Eqs. (3.1) and (3.2) the factor 1/2(k+ − k−) provides
the normalization requirementW(0) = 1. Here, the Θ(x)
is the Heaviside unit-step function, Θ(x < 0) = 0 and
Θ(x > 0) = 1. Recently, such a power spectrum became
widely applicable in theoretical and experimental study
of selective transport in 1D and quasi-1D disordered sys-
tems [20–22]. The peculiarity of the random surfaces
with such long-range correlations is that they have two
characteristic scales, 2pi/(k++k−) and 2pi/(k+−k−), see
Fig. 1. Consequently, the binary correlator and its power
spectrum are specified by two correlation parameters.
3With the substitution of Eq. (3.1) into Eq. (2.4), the
following expression for the roughness-square-gradient
power spectrum reads,
S(kx) =
pi
4(k+ − k−)2
[
Θ(2k+ − 2k− − |kx|)Q1(kx)
+Θ(|kx| − 4k−) Θ(2k+ + 2k− − |kx|)Q2(kx)
+Θ(|kx| − 2k+ − 2k−) Θ(4k+ − |kx|)Q3(kx)
]
. (3.3)
Here, the smooth functions Q1(kx), Q2(kx) and Q3(kx)
are described by
Q1(kx) =
−|kx|5
30
+
8(k3+ − k3−)k2x
3
− 8(k+4 − k4−)|kx|+
32(k5+ − k5−)
5
, (3.4a)
Q2(kx) =
|kx|5
60
− 8k
3
−k
2
x
3
+ 8k4−|kx| −
32k5−
5
, (3.4b)
Q3(kx) =
−|kx|5
60
+
8k3+k
2
x
3
− 8k4+|kx|+
32k5+
5
. (3.4c)
The analysis of spectra (3.2) and (3.3) – (3.4) reveals
the following. At kx > 0, S(kx) has two intervals of finite
values, 0 < kx < 2k+ − 2k− and 4k− < kx < 4k+. When
k+/2 ≤ k− (with k− < k+, by definition), it follows that
(k+ − k−) ≤ k− < k+ ≤ 2k−. (3.5)
Then, the above intervals where S(kx) 6= 0, are well
spaced for not to overlap with the interval 2k− < kx <
2k+, whereW (kx) 6= 0. The condition (3.5) is illustrated
in Fig. 2 (with S(kx) represented by the dashed line).
This case is of great importance since the amplitude and
square-gradient scattering emerge alone in different in-
tervals of the wave number.
In accordance with the convolution method, discussed
in detail in, e.g., Refs. 20 and 23, the random surface
profile ξ(x) with the properties (3.1), (3.2) and (3.3) –
(3.4), can be constructed with the use of the following
expression:
ξ(x) =
∫ ∞
−∞
dx′√
2pi
Z(x− x′) sin(2k+x
′)− sin(2k−x′)
(k+ − k−)1/2x′
.
(3.6)
Here, the white noise Z(x) is defined by the standard
properties, 〈Z(x)〉 = 0, 〈Z(x)Z(x′)〉 = δ(x − x′). Its
discrete version can be easily created by random number
generators. Figure 1 displays one of the realizations of
such a surface profile.
IV. TRANSMITTANCE AND LOCALIZATION
LENGTH
As is known (see, e.g., Ref. 20), the transport prop-
erties of a single-mode weakly disordered waveguide is
governed by the phenomenon of Anderson localization.
Therefore, its average transmittance 〈T 〉 can be described
by the expression
〈T (L/Lloc)〉 = 1
2
√
pi
(
L
2Lloc
)−3/2
exp
(
− L
2Lloc
)
×
∫ ∞
0
z2 dz
cosh z
exp
(
−z2Lloc
2L
)
.
(4.1)
This function depends solely on the single scaling pa-
rameter L/Lloc with Lloc being the so-called localization
length. The localization length Lloc is associate with
the backscattering length Lbs that can be readily ex-
tracted from the corresponding expression for the mode-
attenuation length calculated in Ref. 15. Taking into
account the relation 2Lbs = Lloc, which is specific for
Ref. 15, one can reveal that when the number of con-
ducting channels in the smooth waveguide equals to one,
the inverse localization length of the first propagating
mode is given by
1
Lloc
=
1
L
(A)
loc
+
1
L
(SG)
loc
, (4.2a)
1
L
(A)
loc
=
σ2
d6
pi4
2k21
W (2k1), (4.2b)
1
L
(SG)
loc
=
σ4
d4
(3 + 4pi2)2
576 k21
S(2k1). (4.2c)
Here the first term is contributed by the conventional am-
plitude surface-scattering while the second one emerges
exclusively due to the square-gradient surface-scattering.
We stress that the term (4.2c) was typically neglected
in the literature since it is proportional to the squared
variance of disorder, σ4, and seems to be much smaller
than the term (4.2b) with the σ2-dependence. However,
apart from the disorder strength, one has to take into
account the correlation properties of scattering profiles.
The square-gradient scattering mechanism is much more
sophisticated and sensitive to specific correlations, than
the relatively simple amplitude surface-scattering mech-
anism.
V. DISCRIMINATED SURFACE SCATTERING
MECHANISMS
In order to recognize the square-gradient surface-
scattering and clearly discriminate it from the conven-
tional (amplitude) one, we assume the condition (3.5)
to be met. The ratio L/Lloc, and the average trans-
mittance 〈T (L/Lloc)〉 are depicted in Fig. 3. The local-
ization effects arise within three separated intervals. In
the first and third intervals, 0 < k1 < (k+ − k−) and
2k− < k1 < 2k+, we have 1/L
(A)
loc = 0, and only the
square-gradient scattering decrements the transmittance.
In the first one the transmittance 〈T 〉 = 〈T (L/L(SG)loc )〉
is almost zero since L
(SG)
loc ≪ L. In the third inter-
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FIG. 3. (Color online) Plots of L/Lloc and 〈T 〉 vs. k1d/pi
for the parameters k−d = 1.6, k+d = 2.4 (k−d/pi = 0.509,
k+d/pi = 0.764), σ/d = 1/10 and L/d = 200. Vertical solid
lines mark the values k1 = (k+−k−)/2 and k1 = (k++k−)/2.
val L
(SG)
loc ≈ L, and the transmittance 〈T (L/L(SG)loc )〉 de-
creases up to the value 0.27. Otherwise, within the sec-
ond interval, k− < k1 < k+, only the amplitude scatter-
ing arises because 1/L
(SG)
loc = 0. Here, 〈T 〉 = 〈T (L/L(A)loc )〉
is exponentially small since L
(A)
loc ≪ L. The above three
intervals are well separated by windows, (k+ − k−) <
k1 < k− and k+ < k1 < 2k−, of ballistic transport where
〈T 〉 ≈ 1 due to divergence of both localization lengths.
Naturally, for 2k+ < k1 the ballistic transport emerges
again.
Because different scattering mechanisms manifest
themselves in different intervals of k1, the relation be-
tween partial localization lengths L
(A)
loc and L
SG)
loc does
not crucial matter. Nevertheless, in order to complete
the analysis, we write down the ratio of those quantities
at two characteristic points (see the indication of these
points as vertical solid lines in Fig. 3),
L
(A)
loc |k1=(k++k−)/2
L
(SG)
loc |k1=(k+−k−)/2
≈ (σ/d)2 (k−d)4 F (k+/k−). (5.1)
Here, the function of F (κ) with 1 < κ ≤ 2, reads
F (κ) ≈1.072× 10
−3 (κ+ 1)2
(κ− 1)2 (31 κ
4 + 116 κ3
+ 186 κ2 + 116 κ+ 31)
(5.2)
This function reaches its minimum F (2) ≈ 24.1 at
κ ≈ 2 and monotonically increases when κ decreases to
κ = 1, where it diverges. In Fig. 3 with κ = 1.5 and
F (1.5) ≈ 31.4, the ratio (5.1) can be approximated to 2.1.
VI. CONCLUSIONS
In this paper we have demonstrated that two different
mechanisms of surface scattering, namely, the amplitude
and square-gradient ones, can be discriminated in waveg-
uides with correlated profiles. By discrimination here we
mean that these two mechanisms are responsible for the
scattering in a quite peculiar way, when the first type
of scattering occurs in its own interval of wave number,
and the second one emerges in other intervals. In such
a situation, they are both important and neither one or
another can be neglected. This effect is entirely due to a
specific dependence of the two mechanisms on the corre-
lation properties of scattering profiles. The example we
have studied above is important for understanding the
nature of the two types of surface scattering. We have to
stress that the situation in which such an effect can arise
is not only of the academic interest, and can emerge in
real devices.
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